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Let s and n be positive integers with s 3 2. The sequence 01= (b, ,..., b,,) 
is a Langford (s, n)-sequence (or an (s, n)-sequence) provided that it 
consists of s appearances of i (1 < i < n) and consecutive occurrences of 
i are separated by i elements of the sequence. For example, 231213 and 
23421314 are (2, 3) and (2, 4)-sequences. 
The problem of determining the integers IZ for which a (2, n)-sequence 
exists was introduced by Langford [3] and it is known [I, 51 that such 
sequences exist if and only if n = -1 or 0 (mod 4). In [2] the general 
problem is introduced and it is proved that there are no (3, n)-sequences 
for 1 < 12 < 6. It is also proved that there is no (s, n) sequence for s > n. 
Levine [4] added to these non-existence theorems by proving that the 
existence of a (2t, n)-sequence implies that n = -1 or 0 (mod 4) and the 
existence of a (6t + 3, n)-sequence implies that 12 = -1, 0, or 1 (mod 9). 
The problem of determining those n for which (2, n)-sequences exist 
has also been solved by Skolem [6, 71 and generalized in a different direc- 
tion than that described here [6-81. 
Here we prove two other non-existence theorems. The first of these 
includes the theorems due to Levine. It is 
THEOREM 1. Let s = pet, where p is a prime and e is a positive integer. 
If an (s, n)-sequence exists, then n satisjies one of the congruences 
0) n = - 1, 0, I,..., p - 2 (modp6+l). 
Proof. Let s = pt and suppose that 01 = (b, ,..., bsn) is an (s, n)- 
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sequence. Arrange the terms of 01 into the cells of the nt x p array A = (ai,,) 
according to the definition 
Notice that, if 1 < a < n and a f -1 (modp), then a appears exactly t 
times in every column of the array A. Hence every column contains the 
same number of elements Q $ -1 (modp). On the other hand, if 1 < a < n 
and a = -1 (modp), then a appears all s = pt times in the same column 
of the array A. It follows that the number, [(n + 1)/p], of elements 
congruent to - 1 (mod p) is a multiple of p. This evidently completes the 
proof of Theorem 1 for the case e = 1 and the proof of the general case 
requires only a refinement of this argument. 
It is possible to give a second, algebraic proof of Theorem 1. This 
proof makes use of a polynomial identity which is equivalent to the 
existence of (s, n)-sequences. It is felt that this identity might lead to 
further results. We present this as the 
Second proof. Let ai denote the position of the leftmost occurrence 
of i in the (s, n)-sequence 01. Then i appears in the positions 
ui , ai + i + l,..., ai + (S - l)(i + 1). Hence we deduce the polynomial 
identity 
g1 P(l + xi+1 + . . . + -p)(i+l)) = x'i _;y . 
In particular, if 5 denotes a primitive p”-th root of unity, then we find that 
where the sum extends over those [(n + 1)/p”] indices k such that 
k = -1 (modp”). Notice that, if ci denotes the number of these indices k 
such that a, z i (mod pe), then it follows from (2) that 
d-l 
(3) go ciS” = 0. 
However, since 5 is a root of the cyclotomic polynomial 
(xP” - l)(xP’-l - 1)-l, 
we can write (3) in the form 
g--l-1 p-2 
2 ,F;, (ci+jpe-l - ci+pe-‘(p-l)) &?+i+ = 0. 
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Notice that the left member is a polynomial of degree pe-l(p - 1) - 1 
in 5. Hence, since the cyclotomic polynomial is irreducible we conclude 
that the coefficients are identically zero. That is, 
‘i+jpe-l - Ci+pe-l(p-l) 7 for O<j<p-2. 
It is now only necessary to note that by definition 
L”+7 - = co + Cl + **. + CPCel P” 
= P(C, + ... + cp’-lLJ’ 
Thus p [[(n + l)/pe] and this implies that n satisfies (1). 
It follows from Theorem 1 that, if pe 1 s and r < p” - 1, then there is 
no (s, s + r)-sequence. In fact, the only candidates for (s, s + r)-sequences 
for r = L2, 3 are (2, 3), (2,4), (3, 5), (6,8), (2, 5), (3,6), (4,7), (6,9), 
and (12, 15). The first two are given as examples in the first paragraph, 
(4,7) and (6, 8) have been eliminated by computer search, and the others 
fail to exist by further application of Theorem 1. Similar arguments can 
be given to reduce the number of cases for higher values of r. 
Our second non-existence theorem is 
THEOREM 2. Let p be a prime such that p j/ n. If an (s, n)-sequence 
exists, then s < n - (n/p). 
Proof. Let n = pt and suppose that s > n - (n/p). Again, let 
a = (b, ,..., bS,) be an (s, n&sequence and associate the st x p array A in 
a similar manner to the first proof of Theorem 1. Notice that, if 
s = qp + r(0 < r ,( p), then an integer a such that 1 ,( a < n and 
a + - 1 (mod p) will appear either q or q + 1 times in each column of A. 
On the other hand, if 1 < a < IE and a z - 1 (modp), then a appears 
all s times in the same column of A. Hence, if f(c) denotes the number of 
elements which appear q + 1 times in the c-th column of A, then it is 
clear that for each pair of integers c1 and c2 , f(cl) -f(cd (mod s). 
However, it is immediate that f(c) < n - (n/p) < s. Thus f(c3 = f(cz) 
for each pair of integers c1 and c2 and, as in the first proof of Theorem 1, 
since each column contains the same number of elements a + - 1 (modp), 
the same must be true for elements a = - 1 (modp). Hencep j[(n + 1)/p] 
and this is a contradiction of the assumption that p is an exact divisor 
of n. 
Several remarks are in order at this point. First, notice that (20,24) is 
an example where Theorem 1 is inconclusive but which is ruled out by 
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Theorem 2. Second, if s is composite, then Theorem 1 and the Chinese 
remainder theorem can be combined to force a congruence condition on n 
modulo s times the product of the distinct prime divisors of S. For example, 
it is easy to see that, if a (6, n)-sequence exists, then n = 0, 8, 19, 27, 28, 35 
(mod 36). 
All of the results of this paper have been non-existence theorems. Indeed 
Levine [4] has remarked that the existence of an (s, n)-sequence with 
s 2 3 is in doubt. For s = 3, the smallest n for which an (s, n)-sequence 
is not ruled out by Theorem 1 is n = 8. We have shown by computer 
search that there is no (3, 8)-sequence. On the other hand, 
1, 9, 1, 6, 1, 822, 5, 732, 6,922, 5, 8, 4, 7, 6, 
3, 5,4,9,3,8,7,4,3, 
1, 10, 1, 6, 1, 7, 9, 3, 5,8,6, 3, 10, 7, 5, 3, 9, 6, 
824, 5,732, l&4,2,9,8,2,4, 
16, 17, 13, 9, 6, 1, 15, 1, 5, 1, 10, 6, 14,9, 5, 12, 13, 16, 
6, 17, 5, 10, 15,9, 11,3, 8, 14, 12, 3, 13,7, 10, 3,16, 8, 
11, 17, 15, 7,4, 12, 14,2, 8,4,2,7, 11,2,4, 
are (3, 9), (3, lo), and (3, 17)-sequences. The existence of these sequences 
makes it seem likely that (3, n)-sequences are rather common and raises 
hope that (s, n)-sequences exist with s > 3. Each of these sequences was 
found by computer search. 
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